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Year 2 Work, energy, power - inclined planes, variable resistance, power
1 A van of mass 750 kg is moving up a straight road inclined at an angle § to the

. . 1 . .
horizontal, where sin i = FTh At the instant when the speed of the van is vm s, the

resistance to the motion of the van from non-gravitational forces is modelled as a force
of magnitude Av newtons, where 4 is a constant. When the engine of the van is working
at a constant rate of 13 kW, the van moves up the road at a constant speed-of 200mys-%

{a) Show thati=15

(4)
Later on, the van is moving along a straight horizontal road. At the instant when the
speed of the van is v m s', the resistance to the motion of the van is modelled as a force
of magnitude 15w newtons. When the engine of the van is working at a constant rate
of 11.25 kW, the speed of the vanis'm's" ' and the acceleration of the van is 0.1 m s,
(k) Find the value of L.
)

(Total for QQuestion 1 is 8 marks)

(o) let's illustrate the above information on o detailed dicgram -
label the resistance to motion direction of motion and the

N~—~— rearranged
@ v =A20 fm >
R =650 §NOTE: could've done this =) F= P
\ asa separate tine of v
vorking but much more uhere
efficient inthe exam to
b just add the rearranged 000
7 straight onto our diagram i Uatks
t“‘:x&e and v=20ms'
R
t ‘moving at const ant speed.’ means the van is
209 — —» 650 in equilibrium - forces right = forces left

¢ Solving for this !

660 = 350qsinP +20)
and given that
=) 650=7;§_°g +20)
3

=)202= 300
220 $20
1=15

(b) re-drauving owr diagqram siven the neu information :



the resistance to motion direction of motion and the

S~—, rearranged
\Sv=15u N——
formula. P= FV
- P
:
uwhere
lSU. — _pe F = %hc
u’ x1000
and v=W

ue are given the acceleration as a=0.Ims™? ~we can use Neutons
Second Law:

formula: SF=ma

A
280 s = (0.1)
A5

Solve for w'

XU 4 <V E
ISw+3sw -1],250=0

solve above quadratic for ‘U’ - using calc equtn solver
or quadratic formula:

w = =35 £)(3s)-4(15)(-11,250)
2(1S)
-3§ fego,625

30
2S or -30ms "

reject -ve solution

~“W=2Smg™

"



Year 1 Work, energy and power - inclined planes, work-energy principle
2 Asmall box is projected with speed 7 mys~' from a point O on a fixed rough inclined plane. The
3
plane is inclined to the horizontal at an angle a, where tan o = 1 . The box moves up a line of
greatest slope of the plane and comes to instantaneous rest at the point 4. The coefticient of

friction between the box and the plane is T In a model of the motior the box is modelled

as a particle.

(@) Show that, after coming to rest at 4, the box immediately slides ! ck down the plane.

2)
The speed of the box at the instant when it returns to O is Fm s,
Given that 04 = ‘8—" m,
(b) use the work-energy principle to find the value of V.

4)
(¢) Suggest one way in which the model can be refined to make it more r 1listic.

(1)

(Total for ( 1estion 2 is 7 marks)

(a) let's illustrate the akove diaqrammatically-label the speed,
the the

Yo
aluoys has .
qog
- R seredond s ", ¢
1S \ 0pPOSite Pl etion
S )
turn the
A —_—
aAXLS

)

we can tell from the above w0 diagrams that to shou that
the box immediately stides down the plane, we need to prove that
the left force component exceeds the right i.e

)

..using our formula for friction fo evaluate RHS of above:
ormula fric’cion: M R
Y Nreaction
CORff.of force

friction
(gi.vl.r\ )

RCE): R=

given that $O Constructing
the appropriate triq triangle -using



the 345 Pythaq. triple :

...evaluating LHS of the inequality:

= 3smg

subbing back iato our inequality:
3

=mq )%_mg Jhich (s true
= parcel must

slide doun the
plane

(o) tet's drau tuo diagrams to illustrate this situation -one for BEFORE
the parcel Etravels from Ato O and one for AFTER:

Vv MRS
REFORE AFTER .

——— S T —2_{—— — — 2¢ero potantial level
0 ﬁfg P50

Lbut need parpendicular
distance :

. Luhere we use
L
t 1* =) d = g the fack that

om (
= 250l ) from (a)
8 |




< l
-

]

sub a.beve into the uwork-enesgy principle : includes dissipative forces)

wdin+ + +EPE = + .|.EPEf-|- ud.uqumst
) bati L L ! {.u(_hor\
winekiv aravi akionsl ela tl'lc [ Wiagkit 1«!‘1“““( elashiy, -
nfa inikial F ug:_'n&lll pete py .;ﬂg; b:' atial n;! *L
¥ v 2xt s #0024 Frxd
Fy A 20
q‘_/ Solve for this'

t 58'+0=/v + Lo

(cm(el m's and Simplifj
CRE SARS X

=2 S
-)I\l q

x2 x2
S

F/;; WYY

=4%.9ms ! (2.d.p)

(c) ‘00“"\3 back at Chp 8 Yr | Mechanics:
— bhox i5 modeledas o
-consider the dimension of tl\e, box
‘consider air esistanc® as box is projected up[sliding doun the
- allow for gpin plane



Year 2 Vector Momentum & Impulse - kinetic energy
3 A particle of mass 0.5 kg is moving with velocity (- + 2j) m s~ when it receives an
impulse I-N s. As a result of the impulse, the kinetic energy of the particle increases by 12 I.

Given that I acts in the direction of (2i —j), find L.
(7)
(Total for Question 3 is 7 marks)

qiven the particle's jthe velocity before and the direction of the
impulse we can use the vector form of the Impulse-momentum
principle to find the iaitial ve\ocitj‘ w-let u= Lﬁ}

formala: Izm(v-u)
sub wnto above

(2)=05 ((2)-(2))

expand. above and simplify:

x2 "y X
Y| _ [a+)
-2k/ = \b-2
...i component:  ...b component :
Yk=a+l -2k=b-2
reafrange for ‘e'; ~-feafrange Jor b
=)a = Yk-) =) br-2k+2

mVE (flzkl:-rlz)

now that we've found an expression for ‘v'ue can apply
this tothe given iaformation on kinetic enargy
(i-e that it increases by 127)
subbing into owr formula for change in Ey:

formula: Jim (.V‘ - Wl)

tirst need to volk out the scalars of owr velocities wsing
Pythaqoras':

wl= |L-I)"+(7-)‘ Ivl= J(4k-1)24 (226)°
= s = JOuk-1)2 4 (220

nou Subbif\g into our ; fo:mulﬂ,‘.



+( (k-1 + (2-2609=(f3)Y)
expand and Simplify:  watueuntls
%,((lf -|)‘+(z~z/)‘-5)=|2
2 Sk*-%k -12=0
Lisolve for k' usiaq cale equin

Solver or by factorisation

ac=-60
b=-Y

~tuo numbers that multiply to
make -60 and Sum t0 make -4

b -10,6
* Sk2-1bk +6k-12=0
Sk(k-2)+6(k-2)=0
3 (Sk+6)(k-2)=0

=V

-—
-

now sub this
for I = ( 1)

= 6%)

= ( _"ll

into ouf @x pression



Y . . . . :

momentum, elastic energy
4 Two smooth spheres, 4 and B, of the same radius, have masses 2m and 3m respectively.
The spheres are at rest on a smooth horizontal plane. Sphere 4 is projected towards B with
speed u and collides directly with B. The coefficient of restitution between the spheres is e,

where ¢ > %

—_— (a) Find, in terms of u and e,
(1) the speed of 4 immediatelyafterthe collision,

(1i) the speed of B immediately-after the collision.

S )
(P) Describe the direction of motion of 4 immediately after the collision, justifying your
answer.
R m
Given that e = 3
[ 6
R (c) find the total kinetie energy lost in the collision between A and B.
4)

(Total for Question 4 is 12 marks)

(a) realising thisis an clastic collisions in 40 question-hence

illustrating this diagrammatically

QEFORE - ,@ AFTER:
L 9

Xx
-—)—

)
N/

{ aml tollowing the usual ptoccdwc {or ihese. igpes o{ couusxons

.. {ics}, PCLM . momentum befole =momentum after

formulo: W, WL, 4 me Up= M. V.+ ms!e

LM A

2(2)+30n(0) = 2 (%) +3m (y)

expand above and. cancel the m's:

o 22wy

next, N EL:

gpead of sepnmtmn‘ Vg -V

Speel of approach T

Subb\'m! iato above:




= Y-X

=

=) \a-x. AT R

(i) Solving ond sim\al&aneousls for V.= X -¢lim.'j
Jx =
-Ix+dy = 3eu
I +34=2u

~Sx = 3eu-2w
=S Wy s
=y X=-< (2e-2)

~9peed (no direction)
of =X = _‘;__ (3e=2)
(ii) now SOlvif\'j and simultaneousl‘j for \ &=y (elim. )
R Lx+34=2u
+ -2X le: 2w

S:i = 2utleu
=S =S

155w
=y : l‘s_‘-(he)

(k) ve see from part (a) that V. €0 =) motion of  has been reversed
by the collision (@7 %3 so -veis not cancelled ot by anvther
-ve iathe brm.ko.fs).-. tlavels lc{iunrd
(¢) we're looking at the for both Spheres souitl
use the formula for =%mv‘

-first caleulating the .
for for B:
10o)w) L6mO)°

= mut



...ne,)d:i calculating the 1 .Ec; .\  uhere subbing in = /4

~ _unto v and vg:
vomeL (30 )-2)  verdfgn)
h) s
= -4 -2 =Dy
sta/ 10 IS
. WEgial fOr - e W.Efinal for B:
R L R—
3\ 10 . y AL A Sy
= Mw - |2| .3
1060 T;Dm“

-'-kincl:ic. - K.E: ikial =X E'- al
@nerqy lost ~ y

2 mu
0

"%—'-mu

e Y




Year 2 Oblique Collisions - spheres

]
"~ P . e
R T
rﬁ“x Y
/ i
N N
1'|
\ .

Figure 1

Twao smooth unitorm spheres, M and (2 with equal radin. are meving on a smooth
herrzomial plane when they collide, Sphere 5 i misss dg aned sphere O s mass
Sor. Troreediadely befre they collide, hoth spheres are meving with e same speed
ul om angle e, U < e < 9907, 1o Lhe lne joimime e cenlees. Immediately alier they
collide, Of meves ol un sogle & ke e line joaning their cenires, s shown m Ligurs 1
Uhe coeMvient of resiiiulion belwesn the spheres 1= e,

(] Show hal

Slun g

fe

Tai (i =

(1K)

Civen thil mmmeshately oller (he collsion, O moves e directon thal s perpendicolar jo
the line of centres wnd that & — 457

(5 (i find the value of e,
{10 tfind the dircetion of metion of & inmediatcly aftor the collision.
4

ic) Laplin bow wou have used the Bl thol the teeo spheres buve egueal il 1o vour
solulion W purt {a).

{1
{Total for Question 5 is 15 marks)

to qet an expression for tond,ue have to find ‘the porallel and

perpendiculor components of the Vg

...first let's redraw Fiq 1 vith the resolved
velocities BEFORE and AFTER -1et the same speed at vhich

both particles travel initially at =u

NOTE :impulse dees

not ack perp.to

BEFORE (Sm)Q AFTER liat o} centres
o). § s w

8

...rasolve into i-; components:




BEFoRE: AFTE&'
\lCOSo( wosal

M %*W

?cr?endic\dar componen{;s:
as seen-no Impulse = nochange

vsing@ = usinal

.. parallel components:
l\tre the impalse does act along the line of cenl:res
-hence tnaimg it as a standard Linear colligion tn 40

question: )
geporg 4@pX  ucpsd

Q
kj E :uou could use Vot0e®
AFTER % ) and v,c080 & “h\"ﬂ.‘o es
caleulat 1)
3 “ ou 14 ier to ¥

_ \sn\n"\.‘l
-t -

VL the ""huh“
4

afier

Y don’ z’."q"'
d 404 © ol vikh an

ﬂl'[ L

.. fust, applying the above to PCLM-i.@ tkut momentum
be{_-ole = momentum after:

formuta: m,—H—m—\JerQ = V. J—mﬂvﬁ

sqbbinq into the above:

o (;4(05,()15.1(( -uC05ok) = I-I-Sﬂf\l

cancel the m's and expand the brackets:

L —or

el ansl

|
..next, applying thisto NEL :

_$ eed of § cratuon Vo- V.
speed. of approach W~

Jormala:

sub \nto above :

~4=x . 2

“ucosa -(ucosu) 2ucosK




=) y-x=2eucos K
solve © and ) simultaneously for j(elim,.:c)

x4 4+

-4+ '-I\l:ﬁeucoso(
+ 4x 454z -usA
‘l«ﬁ%eucﬁd -u(oset
__{actorising UCOSok out ond -:'q;q

=9
=) Y= Uk (g, _|)
q

= looking at our very first ‘after’ diagram:

tand =
tanb =
*xq »q
stond =z Jusind
ucosak(3e-1)

and. using the tact that sine _ .5,
COSR ™

qtanck

=)tanp =
" Be-|

(B)m%he fact that the particle moves in a. direction that S
perpendicular $o the line of centres implies that the
of Vg =0
=) =0

=) 3e-1=0
=) %e :l_:_
,__3) = ‘/8.8



Lii) for the direction of motion of @ we needto find the

‘n0 Impulse ~.no change
DV <

btreat as a standard direct collision in 10 questjon
s.golve the ~ and  grom (a) simultaneously -this
time for ‘x' [elim.*y'):

XS - -Sx.-rs., =10ewcose
—"lx + Sg = =-wtosS Ak
-9 = |0euC0S A+ LOSK

factorise wcosat out and -9 _,
=-q '

DK = -%cosot( 10e+1)

but given that ,Sub
into above:

JC:-%:.oSu(IO +|)
= ~lucosak
4 9%

~looking at our first ‘after’ diaqram:

ot (H2)

=tan”! '-H:ano()

=tan' (4tan(yse))
=tan™! (‘r)

travels to the line of centres
(c)impulse between spheres acts horizontally i.e along line of centres



Year 2 Elastic Strings and Springs - equilibrium and dynamic
problem, work-energy principle
f Uww [iaed ponts, A and &, e on o homeonta] cetling wilth 482 = 6o A hghl elasis sinog

of modulus of clasticity g hias ane end attached to A and the other end artachicd w 8.
i

A particle P ot mass 4w ig amached 1o the midpeint of the string and P hangs in cauilibriuom
at a distance 42 below 45

(el Show lhat the mural length of he sirmge s S
(3]

[he particle 5 35 mow beld ol the midpoint of A8 and released rom cest,

(5 Find the maximum specd of F as it falls.
()

| Vutal for Qrocstion & is 11 marks)
(notice this i5 an EQUILIBRIVM PROBLEM invelving stfings and springs
hence the most important thing iS5 to draw a detailed diagram ;let
natural \ength= L

B ’ TS
e
T rQSolv Y
forces

tooking at the above string d:o.gram ue can exploit triangle properties
and find. the value of the hgpothenuse using PYTHAGORAS':
..from above (ue can exploit 3 4 S Pythaq.triple):

3a
from this,ue can derive:

" ta b sinc=0'_ 4% o 4
2 4se H Sa& S
z St zA -3a _ 3
N Je g

L o=

= +x=Sa

also we can explott gquilibcium to qet the T needed to
?.VQn{uaIH qet our 2
b consider the force diagram -

R(I): 2ATsink =l4mg

and know that sind =4/c (from trig triangle)- subbing
this in.



27T (ls) = 4mg

'2-8/s < 8/5.
2T = Yg(timsg)
=7 =

and subbing this into our fermula for elastic strings and springs (Hooke's

oot zlaslmh( extension law)
formula- T= _x-
9.*""'.‘3#3&
subbing iato the above (but the info on H?Lrl-‘ c;.')
!l\
ZM Sa. -2
Sng = (50-4)
(
=2
cancel mg's

S- 5 ]
3 = 3(5e-3)

"-'EQ . K'/za
- —(S'a—”-)

expand and solve forR':
25, = Spe SL
3"
=) ZEQ:EQ
12 3
=)0 =4ha

(b) now we have a DYNAMICS problem —want to find the max.speed of
the string -this oaly okuls uhen object is inequilibrium (part (a)) -
drauing a detailed BEFORE and. AFTER diagram (and [abel vith appropciate

Qnergies:



. 30. . = Q 2 30’ Y
e S
g wwasm AQ 6’“' \ 8

Zero potential

_ ¢ (evel ; GPE=O0
sub abwe iato the uork-energy principle - includes dissipative forces) '
wdindwrt +ERE Kb+ ot f-':-ffi- ud :5_:':‘.::",\
N i - e
o el wo ey VR S
1 1
FARE o PR axl
T3 3mv i+ + _;-1 + Frxed
?mulﬁpl\d by 2 asevaluate above for the whelespring!
< ?
O“' / . + mg (_ZQ) | 2l .S 2
2V Y
2(ka)
2(4%0)
'
cancel m's:
| ] 2] - s 2 2

simplify to solve for v

Ibag-2v?= 2 (32
24a

=)2v?*=(6aq - 20ag

3

=2vt =2aq

-9 A

.‘ 2=




Year 2 Oblique Impacts - successive collisions, oblique impacts with
fixed surface

7 Acsmall ball is projeeted with specd 14 m s ' fiom a point (3 on the ground. The ball is
projected at an angle & to the ground, where o o = 3 . [h= bull bouaces on the s
Lor the frst L ut the point 4y, Lhe coellicient ol restaiuiion bedvwsen the bull ano.

Lhe ground 15 L . Lhe ball 1= modellsd vs o paricls moving Feely ender gryvily om
o Ay umad l'-q'l._'-'m:m bovmees, The provnd is modelled ws @ smeoth homesontal plane,

{e) Find the aime of the angle between the dircction of maotion of the ball and the groand
immediately atber the ball bowrees an the grownd at 4,

i4)
(&1 Laplin how, moyour caleulaizon, you have wsed the el thal the Ball 15 moving Geely
unader gruvily from O o G
i
The ball hounces an the ground for the second e at the point 4>
(¢} I'md the total e taken by the bull to travel from £ o
(4]
Lhe bull bounees on the ground [or the sk ime al the pomt s
Immediately after the ball bounces at 4., the angle between the dirzction of mation of the
ball and the ground 1= @
(61 U'md, m terms of 7 only, in expression for fan 4.
13
(e} Desenbe. secordinge lo the model, the subsequent maotion ol the boll aller 1 kas
Estanced on e t:rv::-ullﬂ at A;z
i
Civen mmstesd thatl the coe Mcient of resiiubion between the Bl amd the gr\c:-u.nll 1= 1
I;,I':l deserihe I'ull:,' bne et ool Thee had T Mreses thee imslann whien it is [FI'I1jI.'|.'|L'|:| lrurn (1
(2]

{Total Tor Question T is 15 marks)

la)first, let's illustrate our first elastic collision with the fixed
surface dio-qmmmqﬁco.lljz

CoLLISION |

|
itms 1 V .
Hsinek Nt Vst

L
A

Vv

Lsee thab, to qet the ,ve need to
find the and components of v

:no impulse -.no change:
v

tmpulse acts to the {ixed surface - NEL rearranged
applies
\



=~ IYsink

= ¥sin ot
populating this onto our diagram:

/"/ = }sinl
oL

v =I%cosex

:.see that AL Ll

using fact that sinet _4qnqy
oSk

=)tanp = %:*ano(
shere tanc = 2ulgiven inquestion)
:-Subbing (ato above

- - 4 \

< 3/ 8
=tan"! ( 3/3)

= 20.6°(3sf)

(b) the fact that the ball moves {reely under gravity means there is no
air resistance - motion is symmetrical: the down at
A, s equal to the up ot 0

Ce) let's split A's journey from O to A, inlo two ports and valuate
SUVAT at each




considcdng vertical motion:

..coNsidering vertical motion:
@
wz-144indk @ Wz =3Sind
Ve [4sindd v = ¥Siadk
=-9q &= -9
t =¢, \ AT
formula. : v=u+tat want to

catios
Solve for

Subbing into above /%

formula: V3 u'l'at

;ant-fo
Jaht-T0

subbing into above: %’

solve
0V

Msinet z-14sinet +(-q)(t))

Ysina = ~Tsinx +(-q)&,)

Hkﬁlumﬁl—

W\

and W@ can dedwce the value of

cind from tand =3/, -using 3-4-g

z 1(?x3ls-)
y Pythaq.tiple q
S/ 3 oysinad/y - )
/4 ; osSAa=Ye 4
V l(l'f(_zls»
2
= 12
(N3 1 S0
't""k‘) —7; £=|%n_r 291_\
3 9 1\

(d) now ue're being asked to consider a qeneral n-bounces case -

.. parallel component : no Lmpulse =300 thanqe
tUcosak

.. perp.component: NEL rearranged applies
s0 |4sinox ()"

. , 1\
~tony = [dS0dl )
I §cOSA 2
r 1\N —N
T tana | 3) 3 |3
- I\, g = anl = Aant




(e) the ball continues 0 bounce uith the same angle to the qround
(f) after hitting the ground at A, the ball uill move along the
qround (with no rebound) at [4cosol= Y
z11.2ms"!
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